I. INTRODUCTION
Partially magnetized plasma in crossed electric and magnetic fields is subject to gradient drift instabilities [1] [2] [3] [4] [5] [6] [7] which are driven by the azimuthal equilibrium electron flow. Such instabilities are of interest for a number of applications in electric propulsion devices, magnetic filters, and plasma processing devices. [8] [9] [10] [11] [12] [13] In this paper, we present the results of a detailed quantitative analysis of plasma stability with respect to azimuthal perturbations for a wide range of equilibrium plasma parameters taking into account finite electron temperature effects. The free energy source of instability is provided by the electron flow across the magnetic field which is a combination of the electron E Â B and the diamagnetic drifts. In the latter, the compressible part parameterized by the electron magnetic drift velocity V D plays the key role. Overall, the instability is controlled by the inhomogeneities of plasma density and the magnetic field. We show that, in general, the characteristics of the instability are defined by the three dimensionless parameters characterizing the plasma equilibrium (see Sec. II). These parameters are proportional to the equilibrium azimuthal electron drift, the plasma density gradient, and the magnetic field gradient. We analyse plasma stability separately in the case of moderate and strong electric field V E տ V D (Sec. III) and for a somewhat special case of negligibly weak electric field, V E ( V D (Sec. IV). As it is shown below, the instability is possible only inside a finite interval of the magnetic drift velocity limited both from below and from above.
It has been shown in Ref.
14 that the threshold value of the electron drift velocity for the instability depends on the wavenumber of perturbations. Here, we derive analytically the minimal value of the instability drive for all possible ranges of equilibrium plasma parameters. The investigation of the marginal stability conditions is of interest in relation to the concept of the self-organized criticality of the anomalous transport in which it is assumed that the plasma organizes itself into the state in which the plasma parameters are maintained at marginal stability. [15] [16] [17] Such anomalous transport driven by the gradient drift modes was studied in Refs. [15] [16] [17] in application to open-mirror systems. In application to the Hall thruster, the marginal stability due to gradient-drift modes and some experimental evidence were discussed in Ref. 3 .
When the instability drive exceeds the critical value, the oscillations with the largest growth rate take place and dominate. Therefore, in Secs. III and IV, we analyze the maximal growth rates of oscillations and corresponding to them frequencies for all ranges of the equilibrium plasma parameters for strong and negligibly weak electric field, respectively. We combine some analytical studies with numerical calculations. In Sec. V, the conclusions are presented.
II. DISPERSION RELATION
The gradient drift instabilities are studied here employing the two-fluid model. We restrict ourselves to the electrostatic perturbations with the frequency x in the range x Bi ( x ( x Be and with the wavevector k perpendicular to the external magnetic field such that x ) kv Ti , where x Ba ; a ¼ ði; eÞ are the ion and electron cyclotron frequencies, v Ti ¼ ð2T i =m i Þ 1=2 is the ion thermal velocity, and T i , m i are the ion temperature and mass. Under the above assumptions, the ions are unmagnetized and cold. They are described by the following equations:
Here, v i and n i are the ion velocity and density, / is the electric potential, and e is the proton charge.
To describe the electron density, we use the following equation:
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rn e Â b;
where c is the speed of light, m e is the mass of electron, B 0 is the equilibrium magnetic field, and b B 0 =B 0 . The electron temperature T e ¼ p e =n e is assumed to be homogeneous and its perturbation is neglected; p e and n e are the electron pressure and density, respectively. The magnetic field is created by the external coils, so that in plasma r Â B 0 ¼ 0. This electron continuity equation has been derived in Refs. 14 and 18 and includes the finite Larmor radius (FLR) effects in the Pad e approximation and the effects of the external magnetic field inhomogeneity. We suppose that the plasma density is sufficiently high so that x pe ) x Be (x pe is the electron Langmuir frequency) and close the set of Eqs. (1)-(3) with the quasineutrality condition n e ¼ n i :
We assume that the plasma is in the external crossed electric in the x-direction E 0 ¼ Àðd/ 0 ðxÞ=dxÞe x and the magnetic field predominantly in the z-direction B 0 ¼ B 0x e x þB 0z e z ; B 0z ) B 0x . Then in steady state, the magnetized electrons move in the azimuthal y-direction with the velocity
We restrict ourselves to almost azimuthal oscillations, such that k y ) k x and neglect the effect of steady-state ion flow in the direction of electric field E 0 . Then, linearizing Eqs.
(1)-(4) with respect to small-amplitude perturbations proportional to exp ðÀixt þ ik x x þ ik y yÞ, we arrive at the following local dispersion relation:
Here, x lh ¼ ðx Be x Bi Þ 1=2 is the lower-hybrid frequency, q e ¼ ðT e =m e x 2 Be Þ 1=2 is the electron Larmor radius, and
are the electron diamagnetic drift, the E 0 Â B 0 -drift, and the electron magnetic drift frequencies, respectively; ðj n ; j B Þ ¼ dlnðn 0 ; B 0 Þ=dx are the characteristic variation lengths of the equilibrium plasma density and magnetic field magnitude, and k
y . This dispersion relation (5) follows from the more general equation derived earlier.
14 Simplifications were made based on the following assumptions: (1) the plasma is dense, so that x 2 pe =x 2 Be ) 1; (2) the oscillations are almost azimuthal, k y ) k x , and the effect of steady-state ion flow in the direction of electric field E 0 is neglected; (3) the wavelength of oscillations is large compared to the electron Debye length d e ¼ ðT e =m e x 2 pe Þ 1=2 ; k For the further analysis, we represent the dispersion relation in the dimensionless form
where
where c s ¼ ðT e =m i Þ 1=2 is the ion-sound speed, q s ¼ c s =x Bi is the ion-sound Larmor radius, and cos h ¼ k y =k ? . Restricting ourselves to the azimuthal oscillations below, we put j cos hj ¼ 1. The parameter n is proportional to perpendicular equilibrium electron current V E þ V D -the source of free energy-and characterizes the "drive" of gradient drift instability. The parameters v n and v B in the numerator of k correspond to plasma density and magnetic field inhomogeneities which play the role of the instability trigger. It was shown in Ref. 14 that the necessary instability condition for gradientdrift modes described by Eq. (6) is k < 1; we will use this condition below. To simplify the subsequent study of instability, it is useful to notice that the dispersion relation is symmetrical with respect to the transformation n ! Àn; v n ! Àv n ; v B ! Àv B ; k y ! Àk y :
It means that for studying the instability one can fix the sign of one of the parameters, e.g., v n > 0 .
Assuming that jV E =V D j տ 1, we start from the general case of dispersion relation (5) . The oscillations are characterized by three independent equilibrium parameters-n, v n , and v B , and the value of the wavenumber k.
A. Instability region and marginal stability condition
According to the analysis presented in Ref. 14, the necessary instability condition is k < 1 or
Then, taking into account the above noted property of the dispersion relation described by Eq. (8), we fix v n > 0 and consider variations of another two equilibrium parametersn and v B . For v n > 2v B , the numerator of fraction in inequality (9) is positive for any k 2 ; for v B > v n , it is negative for any k 2 , and for v n =2 < v B < v n , it changes sign at k
Therefore, we separate the whole interval of the parameter
Then the necessary instability condition (9) in the subinterval (a) is satisfied if
in the subinterval (b) if
and in the subinterval (c) if
The corresponding regions of possible instability are presented in Fig. 1 .
The instability boundary is determined by the zero value of the determinant of Eq. (6), which gives the equation
and the necessary and sufficient instability condition has the form
The details of the derivation of instability condition (15) can be found in Ref.
14.
As it is already mentioned in the Introduction, the gradient-drift instability is driven by the equilibrium plasma current perpendicular to the magnetic field and arises when this current exceeds some critical value. Therefore, it is important to know this value. In our representation, the instability drive is associated with the parameter n. Its minimal value can be found by a minimization of n with respect to the wavenumber k 2 on the instability boundary in the interval 0 < k 2 < 1. We consider Eq. (14), F ¼ 0, as the equation defining the implicit function n ¼ nðk 2 Þ at fixed values of parameters v n and v B . Then, the function n has the extremum either at the stationary points defined by the set of equations
or at the edge points of the interval. Solving Eqs. (17), we find that inside the instability region these equations describe only two possible stationary points. One of them is described by the set of equations
and the other one by the equations
Of course, the corresponding stationary point does exist only for such v n and v B that the solution of equations satisfies the following two conditions: (1) n is a real value; (2) k
Also, we find that for small k 2 such that k 2 ( 1 the lower branch of instability boundary, r 2 ¼ l 1 , takes the form
Thus, for long-wavelength oscillations with k 2 ! 0, the instability boundary is defined by the expression Now let us study the instability region for the above three subintervals of parameter v B .
In this interval of v B , we have 2v B À v n < 0. Therefore, according to Eq. (18), one of possible stationary points is defined by the following expressions:
In fact, this point can exist (k 2 ! 0) only in the interval
These inequalities are compatible if v n < 1. Therefore, the stationary point ðn 1þ ; k 1þ Þ takes place if the parameters v n and v B belong to the region: v n À 1=2 < v B v n =2 and v n < 1. In accordance with Eq. (19) , another possible stationary point can exist only in the subinterval 0 < v B < v n =2. It is described by the equations
This stationary point ðn 2þ ; k 2þ Þ takes place, k 2 > 0, only for v n > 1 and
Now, let us consider the minimization of n with respect to k for two intervals of parameter v n .
For v n < 1 and À1 < v B v n À 1=2, there are no stationary points of n in the interval 0 < k < 1. According to expression (20) in the vicinity of k ¼ 0, the function n is the growing function of k. At k ! 1, the function n on the instability boundary asymptotically approaches the value n
FIG. 1. Necessary instability condition in ðk; nÞ-plane for fixed v n (namely, v n ¼ 2) and different
. The region of possible instability is shaded.
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Phys. Plasmas 25, 012107 (2018) Thus, on the lower branch of instability boundary, n is the growing function of k everywhere in the interval 0 < k < 1. Thus, in the discussed range of plasma parameters, the instability threshold has its minimum at k ! 0. Hereafter, we call the value of n on the instability boundary minimized with respect to k, the critical value of instability drive n cr . So, in this range of parameters, n cr ¼ n 0 . For v n < 1 and v n À 1=2 < v B v n =2, the function n is the decreasing function of k in the vicinity of k ¼ 0. It reaches the minimum at the stationary point k ¼ k 1þ , and, therefore,
With the further increase of k in the interval k 1þ < k < 1, the lower branch of instability boundary goes to n ðþÞ 1 . With the increase of v B , the point of minimal threshold k 1þ shifts from the long-wavelength oscillations with k ¼ 0 (at v B ¼ v n À 1=2) to the shortwavelength modes with k ! 1 (at v B ! v n =2). The frequency of the marginally stable mode also increases with the increase of v B .
For v n > 1 and À1 < v B < v ðÀÞ B , the function n on the lower branch of instability boundary is the increasing function of k for any 0 < k < 1 and therefore n cr ¼ n 0 .
For v n > 1 and v
, the function n has its minimum for the oscillations with k ¼ k 2þ and the critical value of instability drive is n cr ¼ n 2þ . The value of k 2þ increases from k 2þ ¼ 0 (at v ðÀÞ B ) to k 2þ ! 1. It means that with the increase of v B the oscillations with the minimal threshold have more and more short wavelength and high frequency.
2. v n =2 <v B <v n For v B belonging to this interval, the necessary instability condition changes its sign depending on the magnitude of the wavenumber. For the oscillations with k < k ? , the neces-
a. Oscillations with k k ? . For such oscillations with k k ? , the stationary point described by Eq. (18) in the interval k < k ? does exist only for v n > 1 and v n =2 < v B < v n À 1=2. It is described by expressions n ¼ n 1þ and k ¼ k 1þ .
Another possible stationary point defined by Eq. (19) is characterized by n ¼ n 2þ and k ¼ k 2þ . For v n 1, such a point does exist for any v B from the interval v n =2 < v B < v n . For v n > 1, it does exist only if
Thus, for v n 1, the function n on the lower branch of instability boundary starts from the point n ¼ n 0 at k ! 0 and decreases with the increase of k up to k ¼ k 2þ . It reaches the minimum for the oscillations with k ¼ k 2þ . This critical value is n cr ¼ n 2þ . With further increase of k in the interval k 2þ < k k ? , the function n grows and reaches the value 
and the minimal threshold point k 2þ shifts from the shortwavelength high-frequency oscillations with
to the long-wavelength (k ! 0) low-frequency modes at
, the function n on the lower instability boundary reaches its minimum for the oscillations with k ¼ k 1þ and therefore n cr ¼ n 1þ . For v B ! v n =2, the lowest threshold corresponds to the short-wavelength high-frequency oscillations with
With the increase of v B , the point k ¼ k 1þ shifts towards long wavelengths and b. Oscillations with k > k ? . For the oscillations with k > k ? , there are two stationary points on the instability boundary. The first one takes place at k ¼ k 1À on the lower branch of instability boundary r 2 ¼ l 1 and corresponds to its maximum n ¼ n 1À , where
The second stationary point takes place at k ¼ k 2À on the upper branch of instability boundary r 2 ¼ l 2 and corresponds to its minimum n ¼ n 2À , where
Both the lower and the upper branches of instability boundary (in the sense of jnj because n < 0 inside the instability region!) start at the point n ¼ n 
At large k ! 1, the function n on both branches asymptotically approaches the same value
The lower branch approaches n ðÀÞ 1 from above and the upper from below.
For this interval of v B only, the stationary point described by Eq. (18) is possible. As far as the necessary condition of instability requires that n < Àk
For such v B , the lower branch of instability boundary starting at the point n ¼ n 0 at k ! 0 grows when k increases in the interval 0 < k < k 1À reaching its maximum corresponding to the critical value n cr ¼ n 1À at k ¼ k 1À . With further increase of k in the interval k 1À < k < 1, the function n decreases and asymptotically approaches the value n
With the increase of v B the minimum of instability threshold jn cr j shifts from the modes with k ¼ 1=2v n to the longwavelength oscillations with k ¼ 0.
For v n þ 1=2 v B < 1, the function n on the branch of instability boundary r 2 ¼ l 1 is the decreasing function of k. It has the maximum at k ! 0 equal to n 0 which is the critical value of n and asymptotically approaches the value n ðÀÞ 1 from above.
Summary
We have summarized the results of the above analysis in the form of several figures. In Fig. 2 , the dependencies of the critical values of instability drive n cr on v B for two fixed values of v n -0 < v n < 1 and v n ! 1-are represented.
The dependencies of the wavenumbers and of the frequencies of marginally stable oscillations corresponding to n cr are shown in Figs. 3 and 4.
One can see that for 0 < v n < 1 the long-wavelength oscillations require the minimal drive of instability if v B is either in the interval v B 2 À 1; v n À 1=2 or in the interval v B 2v n þ 1=2; 1½. We show below that for such v n and v B and n which is close to n cr only the long-wavelength lowfrequency (compared to x lh ) oscillations are unstable. For the other intervals of v B , the shorter-wavelength and higherfrequency modes have the minimal instability threshold.
For v n ! 1, the long-wavelength oscillations have the lowest threshold if either v B 2 À 1; v
Otherwise, the shorterwavelength and higher-frequency modes have the minimal instability threshold.
B. Frequencies and growth rates of unstable oscillations
We separately present the analysis of the frequencies and growth rates of unstable oscillations for the following ranges of
As it follows from the above analysis of instability region, for equilibria with 0 < v n < 1 and v B 2 À 1; v n À 1=2 or for v n =2 < v B < v n . 2018) just slightly exceeds its critical value, n ¼ n 0 ð1 þ Oðk 2 ÞÞ, we can show that the short-wavelength modes are stabilized by even small FLR effects.
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Indeed, under the above assumptions, the following estimates are valid:
Then, we simplify dispersion relation (6) and write it in the form
It is evident that this equation is satisfied by X $ k 2 . Then keeping the terms up to order k 4 and neglecting the last three terms, we solve this equation and, returning to physical variables, obtain
where x r and c are the frequency and the growth rate of oscillations
The function A G is proportional to the instability drive, and A G ¼ 1 corresponds to the critical value n ¼ n cr n 0 . One can also check that for the values of v n and v B belonging to the assumed intervals the FLR effects are stabilizing, a > 0. Therefore, the gradient-drift instability of considered long-wavelength oscillations is stabilized for the modes with k ? ! k ?max , where
The maximal growth rate among the unstable modes with 0 < k ? < k ?max belongs to the modes with k ? q e ¼ ½ðA G À 1Þ=2a 1=2 . The frequency and the growth rate of such oscillations are
Such long-wavelength modes in neglect of the electron inertia and FLR effects have been studied previously, e.g., in Refs. 6 and 8. Such perturbation will be dominant only for plasma parameters near the critical value of the perpendicular current. Otherwise, as it can be shown below, there are always the high-frequency unstable oscillations with larger growth rates.
In the regions of equilibrium parameters where 0 < v n < 1, v B 2 À 1; v n À 1=2 and v n ! 1; v B 2 À 1; v ðÀÞ B with the increase of n, the spectrum of unstable modes gets wider and the maximum of instability growth rate shifts towards shorter wavelengths. At n ¼ 1 À v B , the whole spectrum of oscillations (up to k 2 ! 1) is unstable. The similar picture takes place for v n > 0; v B 2v n þ 1=2; 1½. In this case, the instability takes place only for n < 0 and, therefore, when Àn grows, the spectrum of unstable modes gets wider and at n ¼ À1 À v B the whole spectrum of oscillations becomes unstable. .
At n ¼ 61 À v B (in the corresponding region of parameters), the largest growth rate perturbations are the shortwavelength oscillations with k ) 1. For such perturbations and the above mentioned values of n, we have r 2 ! 1 and k ! 1 and dispersion relation (6) 
Solving this equation, we find that in physical variables the frequency and the growth rate of the most unstable modes with k ? q e ) 1 are as follows:
These oscillations can be identified as the high-frequency short-wavelength ion-sound waves. Also, it is important to notice that the growth rate of unstable oscillations saturates with the increase of k ? and does not depend on k ? when
With a further increase of n, the spectrum of unstable modes narrows, and for large n, the electron inertia effects stabilize the oscillations with k 2 only slightly exceeding the
The latter, k ¼ k 0 , is the solution of the equation k ¼ 0. The maximum of growth rate also shifts towards the long-wavelength high-frequency oscillations with
the oscillations with largest growth rate are characterized by the following frequency and growth rate:
In the limiting case n ) ðv n ; v B Þ, expressions (37) are simplified and we get (compare with Refs. 19 and 20)
Such oscillations have long wavelengths, k ? q e ' ððv n Àv B Þ=nÞ ( 1. The contour-plots of the growth rates and frequencies of unstable modes for the discussed ranges of parameters v n and v B calculated from dispersion relation (6) using the trigonometrical Vieta's formula in the plane k ? À n are presented in Fig. 5 for v n ¼ 6 and v B ¼ À6.
Also, Fig. 6 shows the dependencies of the growth rates and frequencies of unstable perturbations for v n ¼ 6; v B ¼ À6 and different values of n.
In the regions with 0 < v n < 1 and v B 2v n À 1=2; v n =2, the instability threshold starts at n ¼ n 0 when k 2 ! 0 and then decreases with the increase of k 2 up to
reaching the minimal value n 1þ . It means that for n 1þ < n < n 0 the long-wavelength perturbations are stable. The instability starts from some minimal k 2 which is the root of equation r 2 ¼ l 1 . The minimal threshold corresponds to the high-frequency waves with x r of order x lh . Due to the FLR effects, the short-wavelength modes are stabilized when k 2 reaches some maximal wavenumber. 
this maximal wavenumber is another larger root of equation r 2 ¼ l 1 . The growth rate increases with the increase of n in the interval n 1þ < n < n 0 and the instability region expands both into the larger-and shorter-wavelength domains. For
the wavenumber of the shortest unstable oscillations is as follows: (1) another larger root of equation 
, the whole spectrum of oscillations is unstable. The largest growth rate perturbations are the highfrequency ion-sound waves described by Eq. (36). The spectrum of unstable modes expands in the long-wavelength region up to k ! 0 when n > n 0 . Like it is described above for another interval of parameters v n and v B , further increase of n in the interval n > 1 À v B results in narrowing of instability spectrum and stabilization of short-wavelength modes for n ) 1 at k of order k 0 . The oscillations with k ' k 0 have the maximal growth rate and are characterized by Eq. (38).
The contour-plots of the growth rates and frequencies of unstable modes for the discussed ranges of parameters v n and v B in the plane k ? À n are presented in Fig. 7 Fig. 7(c) , the white color indicates the stable region and oscillations with frequency higher than x lh are shown in black.
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A similar behavior of the frequencies and growth rates of unstable oscillations takes place in the regions where v n ! 1;
ðÀÞ B ; v n =2 (with the substitution n 1þ ! n 2þ ; k 1þ ! k 2þ ) and where v n > 0; v B 2 ½v n ; v n þ 1=2½ (with the substitution n 1þ ! n 1À ; k 1þ ! k 1À ). In the latter case, the necessary condition of instability is n < 0 and the lower branch of instability threshold has its maximum n 1À . So, the growth rate of instability increases when n decreases, i.e., when Àn increases.
Unstable oscillations for v n =2 <v B <v n
In accordance with the analysis of Subsection III A in the regions with 0 < v n < 1, the gradient drift instability occurs either when the drive n is positive and n > n 2þ or when it is negative and n 2À < n < n 1À (see Fig. 9 ). In the former case, the long-wavelength oscillations with k 2 < k 2 ? can be unstable, and in the latter, only the short-wavelength oscillations which always have high-frequencies can be unstable.
For positive drive in the interval n 2þ < n < n 0 , the instability starts from some minimal finite value of k 6 ¼ 0 which is the root of equation r 2 ¼ l 1 . This means that for such drives the long-wavelength oscillations are stable. The closer the n to n 0 , the longer-wavelength oscillations are unstable. The electron inertia and FLR effects also stabilize the short-wavelength modes. Thus, the instability takes place for k min < k < k max . The results of numerical analysis show that high-frequency modes with x $ x lh have the largest growth rate (see Fig. 10 ). For n > n 0 , the long-wavelength oscillations with k ! 0 become unstable and the shortwavelength oscillations are stabilized at some k ¼ k max . With the increase of n, the spectrum of unstable perturbations narrows and the maximum of the growth rate shifts towards k ¼ k 0 . Such oscillations are described by expressions (37) and (38).
For negative drive such that n 2À < n < n 1À the unstable oscillations have high frequencies of order x lh and higher. Also, we notice that for n ¼ À1 À v B the oscillations with k up to k ! 1 are unstable. The largest growth rate perturbations are the high-frequency ion-sound waves characterized by expressions (36).
The dependencies of the growth rates and frequencies of unstable perturbations on wavenumber k ? for v n ¼ 0:5; v B ¼ 0:4 and different values of n are represented in Fig. 11 .
Qualitatively the same picture for the instability region, the growth rate, and frequencies remains for v n ! 1. The difference is that in this case the critical instability drive for the perturbations with k < k ? depends on the value of v B . For v B 2v n =2; v n À 1=2½, the instability occurs at n > n 1þ , for v B 2v ðþÞ B ; v n ½-at n > n 2þ , and for v B 2 ½v n À 1=2; v ðþÞ B -at n > n 0 . In the latter case, there is no cutoff of instability at long wavelengths and it starts from the longest-wavelength oscillations with k ! 0.
IV. INSTABILITY DRIVEN BY THE ELECTRON MAGNETIC DRIFT
Now, let us analyze a stability of azimuthal oscillations in the regions of negligibly weak electric field, such that jeE 0 =ðj B T e Þj ( 1. Neglecting the effects of equilibrium 
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Lakhin 2018) electric field, we find that the coefficients in dispersion relation (6) take the form
The perturbations are characterized only by two independent parameters v n and v B . As we have already shown earlier, the gradient drift instability is due to a combination of equilibrium electron drift (instability drive) and inhomogeneity of plasma and magnetic field in the direction perpendicular to the magnetic field (instability trigger). It is important to notice that in the regions of negligibly weak electric field one of the parameters, v B , enters the dispersion relation in two ways. On the one hand, the instability is driven by the electron magnetic drift, which is proportional to the magnetic field inhomogeneity and characterized by the parameter v B , as the drive v B enters the dispersion relation via the coefficient r and via the denominator in the expression of k. On the other hand, the magnetic field gradient in combination with the plasma density gradient enters the inhomogeneity term (the numerator in the expression of k) serving as a trigger of instability. Due to this intrinsic coupling between the instability drive and its trigger in a finite electron temperature plasmas, this problem is in some sense degenerate and needs to be treated separately. We show that this specifics results in severe restriction of instability domain. Let us notice again that the coefficients k and r do not change under the substitution v n ! Àv n ; v B ! Àv B ; k y ! Àk y . Therefore, hereafter we fix v n > 0 and study the instability picture changing its drive V D , i.e., the value of v B .
A. Marginal stability condition and instability region
The necessary condition for the instability k < 1 in the considered case takes the form 
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and the instability domain is described by the inequalities (see also Ref. 14) ,
The instability is driven by the equilibrium electron magnetic drift. It arises only when the electron magnetic drift velocity V D exceeds some minimal value, i.e., when v B > ðv B Þ min . At the same time, the inhomogeneity defined by the parameter v n À v B decreases when the drive v B increases and goes to zero at v B ! v n . Thus, the instability is possible only when ðv B Þ min < v B < ðv B Þ max . To better understand this point, let us start from the long-wavelength perturbations with k ! 0. Expanding the functions k; l 1;2 and f in a power series over k for k ( 1, we find that for such perturbations the instability condition v 2 B > l 1 f ðkÞ takes the form
Thus, for k ! 0, the gradient drift instability is possible only if
The terms of order k 4 in Eq. (42) demonstrate that the lower boundary of instability ðv B Þ min increases with the growth of k and the upper boundary ðv B Þ max decreases. Thus, the region of instability for long-wavelength perturbations, k ( 1, gets narrower with respect to v B when k increases.
To prove that for any 0 < k < 1, the minimal and maximal values of v B are described by the corresponding expressions in inequality (43), we turn to Eq. (14) describing the instability boundary. We consider it as the equation defining the implicit function v B ¼ v B ðkÞ at fixed v n and look for its extremums in the interval 0 < k < 1. A lengthy but straightforward analysis shows that there are no solutions of Eq. (17) describing the stationary points. Therefore, the function v B has no stationary points. It means that the extremes of v B take place at the edge points k ¼ 0 and k ¼ 1. We have already found the minimal and maximal values of v B at k ¼ 0. When k ! 1, we have k ! 1; l 1;2 ! 1 and both the lower and the upper instability boundaries asymptotically approach the same value-v B ¼ 1=2. Thus, at fixed v n , the instability takes place only at jV ?e j > c s . It starts when the electron magnetic drift velocity jV D j exceeds the lower critical value V ðÀÞ cr ,
and stops when jV D j reaches the upper critical value V ðþÞ cr ,
The instability region in the plane v n -v B is presented in Fig. 12 .
The instability region in the plane v B -k ? is presented in Fig. 13 . For jv B j ¼ 1=2, the whole spectrum of perturbations 0 < k < 1 is unstable. For jv B j < 1=2, the value of ðk ? Þ max ¼ k ? at which the electron FLR effects stabilize the gradient drift instability is defined by equation v 
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The above analysis of instability domain presented by To do that, we rewrite Eq. (6) in the form described by Eqs. (29) and (30). Then, using expressions (39), we obtain the following estimates:
Thus, Eq. (6) can be satisfied if we assume that X $ k 3 . Under this assumption, it can be simplified by neglecting the last two terms on the right-hand side and written in the form
Unlike the general case analyzed above here, the FLR corrections to the mode eigenfrequency are of higher order with respect to small parameter k and more terms need to be taken into account. Representing X in the form X ¼ X r þ iC, where X r is the normalized mode frequency and C is its normalized growth rate, we obtain
Finally, substituting here expressions (39) and remembering the definitions of X and k [see Eq. (7)], we arrive at the following result:
Then, for jV D j near the lower critical value V In a similar way, the wavenumber k þ at which the stabilization of instability by the FLR effects takes place, the wavenumber, frequency ðx r Þ ðhÞ max and growth rate ðcÞ ðhÞ max of the perturbation with the largest growth rate are described by expressions (48) and (49) For fixed V ?e with the increase of the magnetic drift velocity in the interval between the lower critical value V ðÀÞ cr and 2c s ; V ðÀÞ cr < jV D j < 2c s , the spectrum of unstable perturbations expands into the region of short-wavelengths. The maximal growth rate of instability increases. It takes place for the oscillations with shorter and shorter wavelengths and the frequency of oscillations with the maximal growth rate also increases.
For jV D j ¼ 2c s (or jv B j ¼ 1=2), the whole spectrum of oscillations (up to k ? q e ! 1) is unstable. In this case, the frequency of unstable oscillations increases with the increase of k ? and the growth rate also increases and has its maximum at large k ? q e ! 1. For perturbations with k ) 1,
so that ðk; r 2 Þ ! 1 when k ! 1. Then, dispersion relation (6) can be solved analytically similarly to Sec. II [see Eqs.
(33)-(35)]. As a result, we find that in physical variables, the frequency and the growth rate of the most unstable modes with k ? q e ) 1 are as follows:
These perturbations can be identified as the highfrequency ion-sound waves.
When jV D j increases further in the interval 2c s < jV D j < V 
If, in addition, jV ?e j ) c s , so that r 2 ) 1, the maximal growth rate and the frequency corresponding to it are described by
In Figs. 14(a) and 14(b), the contour-plots of the growth rates and frequencies of unstable modes calculated using the trigonometrical Vieta's formula in the plane k ? À v B are shown for v n ¼ 4. Also, Fig. 15 shows the dependencies of the growth rates and frequencies of unstable perturbations for v n ¼ 4 and different values of v B .
V. CONCLUSIONS
We have presented a detailed analysis of the gradient drift electrostatic instabilities in partially magnetized plasmas with hot electrons and cold ions in crossed electric and magnetic fields. The azimuthal oscillations with k x ( k y driven by the equilibrium electron flows perpendicular to the magnetic field are considered. Two cases are analyzed separately: (1) the general case in which the equilibrium electron E Â B velocity, V E , is of the order of the magnetic drift velocity V D or larger; (2) the case of negligibly weak electric field, V E ( V D , in which the instability is driven by the electron magnetic drift velocity.
It is shown that in the general case of moderate and strong electric fields the character of instability depends on the ratio between the gradients of equilibrium plasma density and magnetic field. Minimizing the function nðv n ; v B ; kÞ with respect to the wavenumber k, we have analytically found the critical value of the instability drive n cr for all possible ranges of parameters v n and v B . The corresponding results are summarized in Figs weak, 0 < j n q s < 1, and sufficiently strong, j n q s տ 1, plasma density inhomogeneity. The values n cr define the marginal stability condition. In accordance with the concept of the self-organized criticality of the anomalous transport, one could expect that due to the turbulent transport caused by gradient drift instability the plasma profile corresponding to the marginal stability n ¼ n cr will establish. We have shown that the marginal stability condition essentially depends on the ratio between the gradients of equilibrium plasma density and magnetic field. It is important to note that the long-wavelength perturbations are unstable when n > n 0 (see Fig. 3 ) and such perturbations provide the dominant contribution to the anomalous transport. Therefore, one can expect that the marginal stability profile will be determined by long-wavelength perturbation with the condition n ¼ n 0 or in terms of physical parameters
One can also speculate that the instability of long-wavelength low-frequency modes near the marginal stability boundary may be the origin for low-frequency structures often observed in Hall plasma devices. 10, 21 Other marginal stability boundaries are defined by the conditions n ¼ n 16 Near these boundaries, the short-wavelength perturbations are unstable which are less effective in producing anomalous transport. One can note that in the near anode region of a classical Hall thruster SPT-100 typical experimental data show that j n =2 < j B < j n (the typical magnetic field and density profiles are presented, e.g., in Ref. 5) . Under these conditions, the high-frequency, short-wavelength perturbations are unstable near the marginal stability boundary. The detailed comparison of our theoretical results with the actual experimental plasma profiles for the various Hall plasma devices is still required and it is planned for subsequent studies.
The dependencies of the frequencies and the growth rates of unstable oscillations are studied numerically and analytically (for some limiting cases) for fixed values of the gradients of equilibrium plasma density and magnetic field belonging to all possible intervals. It is shown that one can expect low-frequency (x ( x lh ), long-wavelength oscillations with k ! 0 excited near the marginal stability boundary, at n % n cr ¼ n 0 . One may expect such a situation in the regions of sufficiently large gradients of magnetic field magnitude, jj B jq s ) 1. In the regions with weak plasma density gradient (0 < j n q s < 1), such modes can have place only when v B 2 À 1; v n À 1=2 or v B 2 ½v n þ 1=2; 1½. Meanwhile, in the regions with strong plasma density gradient (j n q s ! 1), these modes may exist when v B 2 À 1; v ðÀÞ B , v B 2 ½v n À 1=2; v ðþÞ B , or v B 2 ½v n þ 1=2; 1½. In this case, the shorter-wavelength oscillations are effectively suppressed even by the small, k ? q e ( 1, electron FLR effects [see Eq. (31)]. For larger values of n, which are also appropriate to standard Hall-type thrusters, there are always the unstable high-frequency oscillations with x տ x lh . The larger the n, the larger the growth rate. Besides that, for large n, only the long-wavelength oscillations are unstable due to the suppression of instability of shorter-wavelength oscillations by the electron inertia effects 14 [see Eqs. (37) and (38) and Fig. 5] . It is also shown that for a special value of n defined by n ¼ 61 À v B and v B outside the interval ½v n =2; v n the whole spectrum of oscillations is unstable. The 
